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Abstract
It is noted that inflation driven by a three form with arbitrary self coupling satisfies a
consistency relation nS − 1 = 2nT , between spectral indices of scalar and tensor cosmo-
logical perturbations. The standard consistency relation for the ratio of the amplitudes of
perturbations is only valid for quadratic self coupling of the three form.
1
INTRODUCTION
It is not known what are the fields that drive inflation. The simplest models postulate
that inflation is driven by a self-coupled scalar field [1, 2]. The only way to ascertain that
inflation was indeed driven by a scalar is through a consistency relation, PT/PS = −8nT ,
where PT,S are the spectra of tensor and scalar perturbations, nT is the spectral index of the
tensor perturbations. Until this consistency relation is confirmed, one should keep an open
mind. It has been suggested that inflation can be driven by a scalar field with non-minimal
kinetic term [4], or by a self-coupled vector field [5].
We note here that inflation can be driven by a self-coupled three form. The three form
inflation satisfies a different consistency relation, nS − 1 = 2nT , where nS is the spectral
index of the scalar perturbations. At the same time, the standard consistency relation is
valid only if the self-coupling of the three form is quadratic.
THE THREE FORM
Let Aµ be the dual of the three form. The action is
S =
1
2
∫
d4x
√−g
(
(∇µAµ)2 − F (AµAµ)
)
, (1)
where ∇µ is covariant derivative, and F (A2) is an arbitrary self-coupling. The field satisfies
the equation of motion
∂µ∇ ·A + F ′Aµ = 0, (2)
where F ′ ≡ dF/dA2. The energy-momentum of the three form is then
T µν = F ′AµAν − 1
2
gµν
(
(2F ′A2 − F )− (∇ · A)2
)
. (3)
It follows from the equation of motion that a scalar φ ≡ −∇ ·A satisfies
∇ ·
(
1
F ′
∇φ
)
+ φ = 0, (4)
with the argument of F ′ given implicitly by
F ′2A2 = (∂φ)2. (5)
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In terms of φ, the energy-momentum is
T µν =
1
F ′
∂µφ∂νφ− 1
2
gµν
(
(2F ′A2 − F )− φ2
)
. (6)
This energy-momentum and the φ equation of motion follow from the action
S =
1
2
∫
d4x
√−gL, (7)
with
L = 1
2
(
(2F ′A2 − F )− φ2
)
. (8)
Thus, according to eqs. (8,5), the self-coupled three form is equivalent to a scalar with non-
minimal kinetic term and quadratic potential. For linear F , eqs. (8,5) give the Lagrangian
of a massive scalar field. This proves that there do exist self-couplings of the three form
that provide an observationally acceptable, [6], inflation.
THE THREE FORM INFLATION
Inflation driven by a scalar with arbitrary local Lagrangian density L = L(∂φ, φ) was
considered in [4, 7]. All we need to do is to apply their results to a special case
L = f(X)− φ2/2, (9)
where f is an arbitrary function of X ≡ (∂φ)2/2. We will follow the notations of [7].
For spatially flat FRW, the Friedmann equations are
H2 ∝ ǫ, (10)
ǫ˙ = −3H(ǫ+ p) = −6HXf ′, (11)
where X ≡ φ˙2/2, and ′ ≡ d/dX . For slow roll, ǫ ≈ φ2/2, and it follows that slow roll
inflation occurs at a constant value of X .
Since the speed of sound cs and ǫ + p depend only on X , equation (35) of [7] gives the
scalar index
nS − 1 = −6
(
1 +
p
ǫ
)
. (12)
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At the same time (equation (38) of [7])
nT = −3
(
1 +
p
ǫ
)
, (13)
giving the consistency relation
nS − 1 = 2nT . (14)
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